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Abstract   
Nonlinear stiffness isolation mounts, which offer a high static stiffness alongside a low dynamic 
stiffness or even quasi-zero-stiffness (QZS) over a displacement range have been proposed. These 
vibration isolators offer a higher isolation frequency band of low transmissibility than 
conventional linear devices. Here, three kinds of nonlinear two degree-of-freedom (DOF) vibration 
isolators with QZS characteristic are analysed in order to further improve the isolation 
performance. The dynamic response is obtained using the Harmonic Balance Method (HBM) and 
the peak dynamic displacement is obtained using backbone curve analysis and energy balancing 
method. The optimum isolation performance of the nonlinear 2DOF vibration isolators are 
evaluated for four performance indexes and compared with three baseline vibration isolators. 
These are a linear and a QZS 1DOF vibration isolator as well as a linear 2DOF vibration isolator. 
To ensure a fair comparison, the static displacement of each vibration isolator is kept constant. The 
comparison demonstrates that a nonlinear 2DOF vibration isolator can be tuned to achieve a better 
isolation performance in the higher isolation frequency band than the baseline vibration isolators, 
while retaining a moderate peak dynamic displacement and peak transmissibility. In addition, the 
best vibration isolator is identified for each of the four performance indexes. 
 
Keywords: Nonlinear vibration isolator; Two degree-of-freedom; Quasi-zero-stiffness; Dynamic 
analysis; Performance analysis. 
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1 Introduction 
The vibration isolator is a device placed between a vibration source such as an 
engine and a structure needing protection from this source [1, 2] and is widely used in the 
engineering industry. Since a linear vibration isolator can provide an effective isolation 
when the excitation frequencies are greater than n2 , where n  is the natural 
frequency of the system, the two most important characteristics of a linear vibration 
isolator are the natural frequency and load bearing capacity. As is well known, for a linear 
vibration isolator, there is a compromise between these two characteristics, namely the 
desire to minimize n  (and so maximize the isolation frequency band) while also 
retaining a reasonable load bearing capacity, which is partially governed by keeping the 
static displacement, and hence the vertical stiffness, at an acceptable level. Without 
increasing the supported weight, this vertical stiffness is the only parameter to reduce the 
natural frequency. This compromise can be improved by introducing a nonlinear stiffness 
element to the vibration isolator, hence achieving a quasi-zero-stiffness (QZS) 
characteristic. The QZS vibration isolator is usually composed of a load bearing elastic 
element with positive stiffness and a novel mechanism that provides negative stiffness 
over a small displacement range reducing the natural frequency. The load bearing elastic 
element is usually a vertical spring, and at the static equilibrium position, this positive 
stiffness is exactly balanced by the nonlinear negative stiffness mechanism. This results 
in zero stiffness at the static equilibrium position and low dynamic stiffness over a 
dynamic displacement range, which is assumed to be smaller than the static displacement. 
Through this arrangement, a lower natural frequency and hence a larger isolation 
frequency band can be achieved than with a linear vibration isolator. 
One degree-of-freedom (DOF) QZS vibration isolators have attracted much attention. 
Alabudzev et al. [3] proposed many different kinds of QZS vibration isolators and 
summarized their technical design methods and practical applications. Carrella et al. [4, 5] 
proposed a QZS vibration isolator composed of a vertical spring acting in parallel with 
two inclined springs, used to provide the negative stiffness mechanism, and studied the 
static and dynamic behaviors theoretically. Xu et al. [6] also tested this kind of QZS 
vibration isolator and verified that the QZS vibration isolator can provide better isolation 
performance than the linear counterpart. Le and Ahn [7, 8] designed a QZS vibration 
isolator composed of a positive stiffness structure and two symmetric negative stiffness 
structures for improving isolation of the vehicle seat under low excitation frequencies, 
and designed controllers to further improve the performance [9]. Other negative stiffness 
mechanisms considered include axial loaded bars [10, 11], buckled beams [12, 13], a 
bistable composite plate [14, 15], novel planar springs [16], a cam-roller-spring 
mechanism [17, 18], a scissor-like structure [19], and magnets or electromagnets   
devices [20-22]. Also several researchers have considered the effects of stiffness and load 
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imperfections [23-26] on the performance of the QZS vibration isolator, they all showed 
that the QZS vibration isolator can still perform better than the linear counterpart when 
the excitation amplitude is not too large. For the small excitation amplitude, the 1DOF 
QZS vibration isolator can achieve a lower natural frequency, a larger isolation frequency 
band and a smaller peak transmissibility than the linear counterpart, while retaining the 
load bearing capacity. 
For the 1DOF vibration isolator, the force or displacement transmissibility reduces at 
a rate of 40dB/decade in the isolation frequency band. This can be doubled by using a 
2DOF vibration isolator. Although the structure of 2DOF vibration isolator is more 
complicated, with an additional mass, spring and damper, it is used in some practical 
applications [27, 28]. Lu et al. [29, 30] proposed two kinds of nonlinear 2DOF vibration 
isolators with QZS characteristic and studied the force or displacement transmissibility 
theoretically. Compared with the linear 2DOF vibration isolator, they found the nonlinear 
2DOF vibration isolator has superior isolation performance in the higher isolation 
frequency band. 
Building on the work by Lu et al., in this paper we conduct a comparative study of 
three kinds of nonlinear 2DOF vibration isolators, benchmarking their isolation 
performance against the more established 1DOF QZS vibration isolator and linear 1 and 
2DOF vibration isolators. For vibration isolators, the static displacement should be 
limited for a realistic design, so in order to ensure a fair comparison, the static 
displacement of each vibration isolator is held constant. While imposing this constraint on 
the isolation performance, the six vibration isolators are tuned for four different 
performance indexes. These are: 
(1) Peak dynamic displacement;  
(2) Peak transmissibility;  
(3) Unity isolation frequency band, the frequency band in which the transmissibility 
amplitude is less than unity;  
(4) -40dB isolation frequency band, the frequency band in which the transmissibility 
amplitude is less than 0.01 (This is the performance index used by Lu et al.). 
This first two performance indexes have been included as they capture the worst 
case displacements and forces transmitted to the device being isolated. The third one 
gives an indication of the frequency band at which the vibration isolator starts to have a 
beneficial effect and the fourth one gives an indication of the frequency band at which the 
force transmitted to the device is cut to 1% of the exciting force. This paper investigates 
whether the nonlinear 2DOF vibration isolator can achieve a better isolation performance 
in the higher isolation frequency band, also have a smaller peak transmissibility and a 
larger unity isolation frequency band, while keeping the peak dynamic displacement 
moderate. This paper also considers structural parameter sets for the nonlinear 2DOF 
vibration isolators and gives guidance in choosing the best linear or nonlinear, 1 or 2DOF 
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vibration isolator according to the four performance indexes. 
The organization of this paper is as follows. In Section 2, a brief description of a 
typical 1DOF QZS vibration isolator is presented and its dynamic response and isolation 
performance are compared with the linear counterpart. In Section 3, the dynamic response 
and isolation performance of the linear 1DOF and 2DOF vibration isolators are compared. 
In Section 4, three nonlinear 2DOF vibration isolators are presented, the dynamic 
equations are established and the Harmonic Balance Method (HBM) is used to obtain the 
dynamic response. The peak dynamic displacement is obtained using backbone curve 
analysis and energy balancing method. The best structural parameter sets are found based 
on the four performance indexes and the isolation performance of the nonlinear 2DOF 
vibration isolators are compared. In Section 5, the most suitable linear or nonlinear, 1 or 
2DOF vibration isolators according to the four performance indexes are discussed. 
Conclusions are drawn in Section 6. 
2 The 1DOF QZS vibration isolator 
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Fig. 1 Model of a 1DOF QZS vibration isolator at the static equilibrium position. 
A typical 1DOF QZS vibration isolator composed of vertical spring used as load 
bearing element and lateral springs used as negative stiffness mechanism is shown in   
Fig. 1. The vertical spring deflection adjustment device is used to ensure that the mass 
1m  is balanced at the static equilibrium position and the lateral springs are in the 
horizontal position. This arrangement can accommodate changes in the mass 1m , which 
is a little different from the structure described in [4-6], but is in line with practical 
implementations, such as [15, 16]. The stiffness of the vertical and lateral springs are vk  
and hk ; the initial length of the lateral springs is 0l  and the length when they are 
compressed in the horizontal position, the static equilibrium position, is l; the damping 
coefficient of the damper is c; x  is the displacement of the mass 1m  from the static 
equilibrium position and the mass 1m  is excited with a harmonic force  tfe cos . 
The nonlinear force-displacement relationship for the 1DOF QZS vibration isolator 
shown in Fig. 1 is given as 










22
012
lx
l
xkxkf hv ,                    (1) 
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and in non-dimensional form as 
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Here sx  is the static equilibrium displacement of the 1DOF QZS vibration isolator 
and is arguably best thought of the vertical spring vk  must be compressed at the static 
equilibrium position to support the mass 1m , hence vs kgmx /1 . Note that this means 
the non-dimensional force may be written as  gmfF 1/ . 
Using Eq. (2), the gradient of the non-dimensional force-displacement relationship at 
the static equilibrium position ( 0X ) is 







 L
K
dX
dF
X
1
121
0
.                        (4) 
By definition, a 1DOF QZS vibration isolator has zero effective stiffness at the static 
equilibrium position, using Eq. (4), this places the condition on the static equilibrium 
position that the length ratio for the lateral spring is given by 
K
K
L
21
2

 .                                   (5) 
The non-dimensional force-displacement curves of the 1DOF QZS vibration isolator 
for various values of U  and L  when 1K  are shown in Fig. 2. When 1K  and 
3/2L , the QZS characteristic is obtained, as U  increases, both the dynamic force and 
effective stiffness decrease, and the displacement range which is smaller than the 
effective stiffness of the linear counterpart increases, however this is at the cost of a wider 
mount ( 0/ llL   is fixed and sxlU /0  increases). When 1K  and 2U , as L  
increases, both the dynamic force and effective stiffness increase, and the displacement 
range which is smaller than the effective stiffness of the linear counterpart reduces. 
  
Fig. 2. Non-dimensional force-displacement curves for the 1DOF QZS vibration isolator with 
(a) different U  when 1K  and 3/2L , (b) different L  when 1K  and 2U . 
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When the amplitude of the displacement is small, the non-dimensional force can be 
expanded as a Taylor series expansion at the static equilibrium position, 0X , to give 
3XXF   ,    
L
L
K


1
21 ,        
32LU
K
 .              (6) 
Note here we keep a linear stiffness term for generality, but we note that for a 1DOF QZS 
vibration isolator, 0 . The dynamic equation of the 1DOF QZS vibration isolator 
under force excitation using a Taylor series expansion is given as 
 tf
x
x
kxkxcxm e
s
vv  cos2
3
1   ,                     (7) 
where the dots denote derivatives with respect to time t. Eq. (7) can be written in non-
dimensional form as 
 TFXXXX e  cos2
3 ,                       (8) 
where Eq. (3) is used along with 
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To analyse the steady state response of the 1DOF QZS vibration isolator, the HBM 
is used. Assuming an approximate solution of the form     TXTX m cos , the 
resulting amplitude-frequency relationship is 
  22
2
32 2
4
3
emmmm FXXXX 





  .                (10) 
The backbone curve describes the peak dynamic displacement of the vibration 
system which is undamped and unforced and the excitation frequencies at which they 
occur [31]. The peak dynamic displacement of the forced, damped system corresponds 
closely with the point where the response crosses the backbone curve [31]. This crossing 
point occurs when the response is in quadrature with the forcing, such that the forcing 
input matches the damping. Hence, Eq. (10), at this point, may be written as 
22
4
3
mpb X  ,            
b
e
mp
F
X


2
.            (11) 
So the backbone curve and peak dynamic displacement of the 1DOF QZS vibration 
isolator are obtained. Likewise, the force transmitted to the base through the 1DOF QZS 
vibration isolator is given as 32 XXXFt   , from which, the force transmissibility 
can be obtained as 
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Using Eq. (10), Eq. (12) can also be written as 
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It is of interest to compare the force transmissibility of the 1DOF QZS vibration 
isolator with an equivalent linear one with the same load bearing capacity. Since the 
1DOF QZS vibration isolator is composed of load bearing element and negative stiffness 
mechanisms, the equivalent linear 1DOF vibration isolator is achieved by removing the 
negative stiffness mechanisms, such that 1  and 0 . This satisfies the requirement 
that the static displacement of both vibration isolators is the same. Hence, the force 
transmissibility of the equivalent linear 1DOF vibration isolator is given as 
 
   222
2
21
21





FLG .                          (14) 
The peak dynamic displacement, peak force transmissibility, unity isolation 
frequency band and -40dB isolation frequency band are used to evaluate the isolation 
performance of the vibration isolator. The isolation performance of the 1DOF QZS 
vibration isolator depends on the excitation force amplitude and damping ratio. From 
previous studies, it is understandable that if the excitation force amplitude is very large or 
the damping ratio is very small, the resonant frequency of the 1DOF QZS vibration 
isolator can exceed the natural frequency of its linear counterpart and the isolation 
performance can be worse. For the present study, we consider a small excitation force 
case with a damping ratio of 05.0 . 
The dynamic response and force transmissibility of the 1DOF QZS vibration isolator 
for different U are shown in Fig. 3, using Eq. (10) and Eq. (12) respectively. The 
corresponding curves for the linear 1DOF vibration isolator are plotted in the same figure 
for comparison. Fig. 3 and subsequent plots also show the backbone curves as dotted 
lines and the peak dynamic displacement and peak force transmissibility points are shown 
as circles. 
  
Fig. 3 (a) Dynamic response and (b) force transmissibility of the 1DOF QZS vibration isolator for 
different U with 1K , 3/2 QZSLL , 05.0  and 005.0eF . Curve 1: 5U ; 
Curve 2: 2U ; Curve 3: 1U ; Curve 4: 5.0U . 
It can be seen that for the 1DOF QZS vibration isolator, when 1K  and 3/2L , 
the QZS characteristic is obtained as the backbone curves start at zero frequency. As 
8 
sxlU /0  increases, which results in a reduction of the nonlinear stiffness term  , see 
Eq. (6), the peak force transmissibility decreases, but at the cost of an increased peak 
dynamic displacement. The unity isolation frequency band increases while the -40dB 
isolation frequency band is relatively insensitive to this change. Note that the peak 
dynamic displacement is proportional to 1b  and the peak force transmissibility has an 
approximately linear relationship with b . This can be seen by substituting Eq. (11) into 
Eq. (12) to give an approximate peak force transmissibility of  2/b  when the 
damping ratio   is small. When K  and U  are fixed, the dynamic response and force 
transmissibility of the 1DOF QZS vibration isolator for different L  are studied in detail 
in [5], so this is not shown here. In the following section, when investigating the isolation 
performance of the nonlinear 2DOF vibration isolator, 2U  is selected as a reasonable 
compromise between the four performance indexes. 
In summary, the 1DOF QZS vibration isolator can have a smaller peak force 
transmissibility and a larger isolation frequency band. In the higher isolation frequency 
band, where the dynamic displacement is small, and the nonlinear stiffness effects can be 
neglected, so as with the 1DOF linear vibration isolator, the force transmissibility reduces 
at a rate of 40dB/decade. This can be improved by using the 2DOF vibration isolator, 
whose force transmissibility reduces at a rate of 80dB/decade in the higher isolation 
frequency band. The next section analyses the dynamic response and force 
transmissibility of the linear 2DOF vibration isolator, before moving on to nonlinear 
2DOF vibration isolators in Section 4. 
3 The linear 2DOF vibration isolator 
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Fig. 4 Linear (a) 1DOF and (b) 2DOF vibration isolators at the static equilibrium position. 
The linear 1DOF and 2DOF vibration isolators are presented in Fig. 4, where the 
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parameters and states for the linear 2DOF vibration isolator are also defined. As 
discussed in the Introduction, the static displacement of different vibration isolators is set 
to be the same. This results in the requirement that the static displacement of both linear 
vibration isolators equals vkgm /1 . Based on this and by using mass ratio 1/ mma , 
stiffness ratio vkk vv /1  and vv kk /2 , the following equation can be obtained 
 



1
v .                                (15) 
Using Eq. (15), the dynamic equations for both linear vibration isolators at the static 
equilibrium position can be written in non-dimensional form as 
1DOF:                   cos2 eFXXX ,                         (16a) 
2DOF:  
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,  (16b)               
where the non-dimensional parameters are defined in Eq. (3), Eq. (9) and  
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Denoting the solutions to Eq. (16) in the forms 
    TXTX m cos ,                                 (18a) 
 
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,                           (18b) 
the force transmissibility of the linear 1DOF and 2DOF vibration isolators is given by 
 
e
mm
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22
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2 


,                                (19a) 
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e
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22
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22
2
2 


.                          (19b) 
As can be seen in Eq. (16b) and Eq. (19b), the dynamic response and force 
transmissibility of the linear 2DOF vibration isolator are greatly influenced by the 
stiffness ratio   and mass ratio  . Now we consider the natural frequencies of the 
linear 2DOF vibration isolator, 1  and 2 . Note that when selecting   and  , we 
must ensure    01/  v based on Eq. (15), and so    1 . Using Eq. (15), 
as   approaches close to  1 , v  tends to infinity, and as   approaches to infinity, 
v  tends to 1. For both cases, 1  tends to 1 and 2  is a very large value. The natural 
frequencies of the linear 2DOF vibration isolator for changing stiffness ratio   are 
shown in Fig. 5. A range of mass ratio   up to 0.2 are shown, higher values are 
arguably unrealistic due to the increased mass of the linear 2DOF vibration isolator, 
which is in line with the arguments regarding mass ratios for tuned-mass-dampers for 
example. From Fig. 5, it can be seen that 1  is a little larger than 1 and 2  has a much 
large value. As the stiffness ratio   increases, 1  firstly increases and then decreases, 
while 2  does the reverse. 
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Fig. 5 (a) First and (b) second natural frequency of linear 2DOF vibration isolator for different  . 
The dynamic response and force transmissibility of linear 1DOF and 2DOF vibration 
isolators for different   are shown in Fig. 6. As the stiffness ratio   increases, the 
peak dynamic displacement and peak force transmissibility of the linear 2DOF vibration 
isolator firstly increase and then decrease, the unity isolation frequency band remains 
almost the same. However the -40dB isolation frequency band firstly increases and then 
decreases. When the stiffness ratio   is selected such that 2  is mimimum ( 4.2  
in the case when 2.0 ), the linear 2DOF vibration isolator has the largest -40dB 
isolation frequency band and meanwhile the peak dynamic displacement is not very large. 
When   increases to a large value, the peak dynamic displacement and peak force 
transmissibility of the linear 2DOF vibration isolator approach that of the linear 1DOF 
vibration isolator. For the linear 2DOF vibration isolator, when compared with the 1DOF 
linear vibration isolator, the peak dynamic displacement and peak force transmissibility 
are larger, the unity isolation frequency band is almost the same, while the force 
transmissibility in the higher isolation frequency band is smaller and the -40dB isolation 
frequency band can be larger. 
  
Fig. 6 (a) Dynamic response and (b) force transmissibility of linear 1DOF and 2DOF vibration 
isolators for different   with 2.0 , 05.021    and 005.0eF . 
Curve 1: 201.1 ; Curve 2: 4.1 ; Curve 3: 4.2 ; Curve 4: 5 ; Curve 5: 10 . 
The dynamic response and force transmissibility of linear 1DOF and 2DOF vibration 
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isolators for different   are shown in Fig. 7. For the linear 2DOF vibration isolator, as 
the mass ratio   increases, such that 1  increases while 2  decreases, the peak 
dynamic displacement, peak force transmissibility and unity isolation frequency band 
remain largely unaltered, however the -40dB isolation frequency band increases. As 
mentioned above, the mass ratio   should not be too large, so in the following section, 
when analysing the isolation performance of the nonlinear 2DOF vibration isolator, the 
mass ratio   is taken to be 0.2. 
  
Fig. 7 (a) Dynamic response and (b) force transmissibility of linear 1DOF and 2DOF vibration 
isolators for different   with 2 , 05.021    and 005.0eF . 
Overall, when the static displacement of linear 1DOF and 2DOF vibration isolators 
is the same, the linear 2DOF vibration isolator can achieve a better isolation performance 
in the higher isolation frequency band (the -40dB isolation frequency band is larger) 
compared with the linear 1DOF vibration isolator. Meanwhile, the unity isolation 
frequency band is almost the same, but the peak dynamic displacement and peak force 
transmissibility increase. 
Based on the above analysis, it can be seen that compared with the linear 1DOF 
vibration isolator, the linear 2DOF vibration isolator can have a larger -40dB isolation 
frequency band and the 1DOF QZS vibration isolator can have a smaller peak force 
transmissibility and a larger unity isolation frequency band. The following section 
investigates the dynamic response and force transmissibility of the nonlinear 2DOF 
vibration isolators to see whether they can achieve a better isolation performance in the 
higher isolation frequency band, while also having a smaller peak force transmissibility 
and a larger unity isolation frequency band. 
4 The nonlinear 2DOF vibration isolator 
Three different configurations for the nonlinear 2DOF vibration isolator shown in 
Fig. 8 are considered in this section. The nonlinearity is introduced using lateral springs at 
both degrees of freedom; as with the 1DOF QZS vibration isolator, these lateral springs 
are adjusted to be horizontal at the static equilibrium position. The three models arise 
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from different cases regarding where these lateral springs are attached, and are denoted as 
grounded-grounded (GG) Model, bottom-springs grounded (BG) Model and top-springs 
grounded (TG) Model. The GG Model and BG Model are considered in [29] and [30], 
respectively. In order to simplify the structure, the initial length of all these lateral springs 
is 0l  and the length when they are in the horizontal position, the static equilibrium 
position, is l . The other structure parameters are the same as those for the linear 2DOF 
vibration isolator in Section 3. 
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Fig. 8 Three kinds of nonlinear 2DOF vibration isolators at the static equilibrium position: 
Grounded-Grounded (GG) Model, (b) Bottom-springs Grounded (BG) Model, 
(c) Top-springs Grounded (TG) Model. 
 
This section presents the dynamic equation of the BG Model as well as its dynamic 
response and force transmissibility. The analysis for the other two models is similar and 
has been included in Appendix A. This section also presents a detailed process for finding 
the best structural parameter sets for the BG Model according to the four performance 
indexes. The analysis process for the other two models is the same, so only the results are 
shown for brevity. 
The dynamic equation of the BG Model under force excitation at the static 
equilibrium position is given by 
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Since the vertical springs are adjusted such that the lateral springs are horizontal at 
the static equilibrium position, the static displacement of the three nonlinear 2DOF 
vibration isolators is the same as for the linear 2DOF vibration isolator, namely vkgm /1 , 
and results in the condition given in Eq. (15). Using Eq. (3), the non-dimensional 
parameters used here are defined as 
v
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In defining the non-dimensional parameters, we ensure that direct comparisons may be 
made with the 1DOF results. When the displacement of mass 1m  and am  is small, the 
spring forces in Eq. (20) can be expanded as a Taylor series expansion at the 
corresponding static equilibrium positions of mass 1m  and am , such that 
       tfxx
x
k
xxkxxcxm ea
s
v
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 cos3
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111   ,                    (22a) 
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This can be written in non-dimensional form as 
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where the non-dimensional parameters are defined in Eqs. (3), (9), (17) and (21). 
In the case of the 1DOF QZS vibration isolator, the QZS characteristic is achieved 
by setting 0 , which means the natural frequency of the corresponding equivalent 
linear system is zero. Similarly, for the BG Model, we set the first natural frequency of 
the corresponding equivalent linear system to zero, 01 n , giving the condition 
021  . The resulting second natural frequency of the corresponding equivalent linear 
system, 2n , can be expressed as 


 2112

n .                           (24) 
To satisfy 021   and hence achieve the QZS characteristic requires 
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Alongside these, to keep 02 n  requires QZSLL  , QZSKK 22  , QZS  and in 
addition to ensure 0v ,  1QZS  is required based on Eq. (15). 
Now we concentrate on the structural parameter sets of the length ratio L  and 
stiffness ratios 1K  and 2K  with the stiffness ratio kkv /2  set to 2. The length ratio 
QZSL  and 2n  of the BG Model for different 2K  are shown in Fig. 9. As the stiffness 
ratio 2K  increases, the length ratio QZSL  firstly remains a constant value and then 
increases, while 2n  firstly decreases and then increases. As can be seen in Fig. 9, a 
turning point exists where 02 n , when QZSLL   and // 21 vKK  . 
15 
  
Fig. 9 (a) Length ratio QZSL  and (b) 2n  of BG Model for different 2K  with 2.0 , 
2U  and 2 . 
Then the HBM is used to obtain the steady state response of the BG Model, 
neglecting higher order harmonics, the approximate solutions of Eq. (23) are assumed to 
be the same forms as Eq. (18b). Note that the accuracy of the HBM approximate results is 
checked against numerical simulation results later, see Fig. 14. The resulting amplitude-
frequency relationships can be obtained as 
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For a given excitation frequency  , the amplitudes mX  and amX , phases 1  
and 2  are obtained by solving four coupled nonlinear equations in Eq. (26) 
numerically. The transmitted force is given as 32222 aaat XXXF   , from which, 
the force transmissibility can be obtained as 
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.                  (27) 
Unlike the 1DOF QZS vibration isolator, it is difficult to determine the peak 
dynamic displacement of the BG Model from Eq. (26), but it can be obtained using 
backbone curve analysis and energy balancing method. The backbone curves describe the 
fundamental characteristic of a vibration system which is undamped and unforced, and 
the energy balancing method relates the backbone curves to specific forced      
responses [32]. By setting 021   , 0eF  and hence with   0sin 12   in   
Eq. (26), the backbone curves of the BG Model can be obtained. The energy balancing 
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method is based on the concept that for a steady state response, the total energy transfer 
of a vibration system due to the damping and forcing terms must be zero over one period 
of motion. For a detailed description of the energy balancing method, see [32,33]. 
Balancing the energy of the BG Model over a period of motion gives 
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where 1T  is the period of the motion. Substituting Eq. (18b) into Eq. (28) gives 
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Using the condition   0sin 12   and assuming 
2
1

 , the peak dynamic 
displacement of the BG Model can be determined from the following sets of equations 
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Fig. 10 (a) Dynamic response and (b) force transmissibility of BG Model for different L  
with 2.0 , 2U , 2 , 11 K , 2.02 K , 05.021    and 005.0eF . 
Curve 1: 9/4 QZSLL ; Curve 2: 5.0L ; Curve 3: 55.0L ; Curve 4: 6.0L . 
The dynamic response and force transmissibility of the BG Model for different L  
are shown in Fig. 10. Note that the dynamic response around the second resonance in   
Fig. 10 and the subsequent plots is not shown as it is much smaller than that around the 
first resonance. When QZSLL  , 01 n , as the spring length ratio L  decreases, both 
1n  and 2n  decrease, the peak force transmissibility decrease, the unity isolation 
frequency band and -40dB isolation frequency band increase, the peak dynamic 
displacement increases but arguably remains reasonable, so in this case, when QZSLL  , 
the BG Model achieves better isolation performance. Equally it can be shown that if the 
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stiffness ratio 2K  varies, the BG Model has the largest -40dB isolation frequency band 
with QZSKK 22  . In a practical vibration isolator [15, 16], it is convenient to change the 
spring length ratio L  by using the spring deflection adjustment device for given vertical 
and lateral springs, whereas altering 2K  is inconvenient. So in the following analysis, 
the QZSL  case is considered and the stiffness ratio 1K  and 2K  are selected form the 
sets  101 K  and  102 K  respectively. 
  
Fig. 11 (a) Dynamic response and (b) force transmissibility of BG Model for different 2K  when 
QZSLL   with 2.0 , 2U , 2 , 6.01 K , 05.021    and 005.0eF . 
Curve 1: 02 K ; Curve 2: 4.02 K ; Curve 3: 48.02 K ; Curve 4: 6.02 K ; 
Curve 5: 12 K . 
Fig. 11 shows the dynamic response and force transmissibility of the BG Model for 
a range of 2K  with 6.01 K  and QZSLL   selected such that 01 n . It can be seen 
that increasing 2K  results in a significantly larger peak dynamic displacement and peak 
force transmissibility. It also affects the isolation frequency band, the unity isolation 
frequency band decreases and the -40dB isolation frequency band firstly increases and 
then decreases. The BG Model has the largest -40dB isolation frequency band when 
48.02 K , corresponding to   12 / KvK   such that 02 n . When 1K  is fixed and 
2K  varies, the trends are similar. So to improve the isolation performance of BG Model 
considering the first three performance indexes (Peak dynamic displacement, Peak 
transmissibility and Unity isolation frequency band), a small stiffness ratio 2K  should 
be selected, whereas when considering to increase the -40dB isolation frequency band, 
the stiffness ratio   12 / KvK   should be selected to ensure 02 n . 
Fig. 12 shows the dynamic response and force transmissibility of the BG Model for 
a range of 1K  with 6.02 K  and QZSLL   selected such that 01 n . It can be seen 
that increasing 1K  results in a significantly smaller peak dynamic displacement and peak 
force transmissibility, the unity isolation frequency band increases and the -40dB 
isolation frequency band firstly increases and then decreases. The BG Model has the 
largest -40dB isolation frequency band when 75.01 K , corresponding to   21 / KvK   
such that 02 n . When 2K  is fixed and 1K  varies, the trends are similar. So to 
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improve the isolation performance of BG Model considering the first three performance 
indexes, a large stiffness ratio 1K  should be selected, whereas when considering to 
increase the -40dB isolation frequency band, the stiffness ratio   21 / KvK   should be 
selected to ensure 02 n . 
  
Fig. 12 (a) Dynamic response and (b) force transmissibility of BG Model for different 1K  when 
QZSLL   with 2.0 , 2U , 2 , 6.02 K , 05.021    and 005.0eF . 
Curve 1: 01 K ; Curve 2: 4.01 K ; Curve 3: 6.01 K ; Curve 4: 75.01 K ; 
Curve 5: 11 K . 
Using these results and concentrating on the -40dB isolation frequency band, Fig. 13 
shows the dynamic response and force transmissibility of the BG Model for a range of 
1K  with   12 / KvK   and QZSLL   selected such that 01 n  and 02 n . It can 
be seen that increasing 1K  results in an increase of the peak dynamic displacement, 
however the peak force transmissibility decreases marginally and the unity isolation 
frequency band increases, the -40dB isolation frequency band remains almost the same. 
So considering the four performance indexes, a large stiffness ratio 1K  should be 
selected. 
  
Fig. 13 (a) Dynamic response and (b) force transmissibility of BG Model for different 1K  when 
QZSLL   and   12 / KvK   with 2.0 , 2U , 2 , 05.021    and 005.0eF . 
Curve 1: 4.01 K ; Curve 2: 6.01 K ; Curve 3: 8.01 K ; Curve 4: 11 K . 
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At this stage it is worth considering the validity of using a Taylor series expansion 
(see Eq. (22)) to approximate the spring forces (see Eq. (20)) and the assumption made in 
the HBM analysis that the higher order harmonics are negligible. A comparison between 
analytic and numerical results of the dynamic response of the BG Model is shown in   
Fig. 14. The numerical results are obtained by solving the non-dimensional dynamic 
equations of (I) the full BG Model and (II) the BG Model with the Taylor series 
expansion directly using the numerical continuation method [34]. It can be seen that the 
error between the two sets of numerical results is small, which suggests that the Taylor 
series expansion is a good approximation here. Below resonances, errors between the 
analytic results and the numerical results are observed as the HBM used in this paper 
concentrates on the primary resonance whereas the numerical results also include the 
superharmonic resonances. Also the peak dynamic displacement obtained by the HBM is 
slightly larger than that of the numerical result. However overall, the analytic results 
obtained using HBM are a good representation of the true responses. 
  
Fig. 14 Comparison between analytic results and numerical results of the dynamic response of BG 
Model with 2.0 , 11 K , 8.02 K , QZSLL  , 2U , 2 , 05.021    and 
005.0eF . 
Overall, for BG Model with QZSLL  , such that 01 n , when considering the 
isolation performance based on the first three performance indexes, the stiffness ratio 1K  
should be large (see Fig. 12) while the stiffness ratio 2K  should be small (see Fig. 11). 
Considering the structural parameter sets  101 K  and  102 K , 11 K  and 
02 K  are selected, which indicates that the upper stage of the BG Model is nonlinear 
while the lower stage of the BG Model is linear. In contrast when considering to increase 
the -40dB isolation frequency band, 11 K  and   8.0/ 12  KvK   are selected for 
2.0  and 2  to ensure that 02 n  (see Figs. 11, 12 and 13). 
Following the similar analysis process, the best structural parameters selected in the 
sets  101 K  and  102 K  with QZSLL   for the GG and TG Models according to 
the four performance indexes can be obtained. Unlike the BG Model, when considering 
QZSLL  , such that 01 n , and choosing the stiffness ratio 1K  and 2K , n2  cannot 
be set to zero for the GG and TG Models. The equations for this analysis are given in 
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Appendix A. The outcomes are as follows: 
GG Model: When considering the isolation performance based on the first three 
performance indexes, 11 K  and 02 K  are selected, which indicates that the upper 
stage of the GG Model is nonlinear while the lower stage of the GG Model is linear. 
When considering to increase the -40dB isolation frequency band, 01 K  and 12 K  
are selected, which indicates that the upper stage of GG Model is linear while the lower 
stage of GG Model is nonlinear, this result is in accordance with the conclusions drawn   
in [29]. Lu et al. [29] concluded that the nonlinearity in the lower stage of GG Model has 
a profound performance effect and can significantly improve the isolation performance in 
the higher frequency band while nonlinearity in the upper stage has a minimal effect. 
However when 01 K  and 12 K  are selected, a larger peak dynamic displacement 
and peak force transmissibility and a decreased unity isolation frequency band are 
observed. 
TG Model: 01 K  and 12 K  are selected which indicates that the upper stage of 
TG Model is linear while the lower stage of TG Model is nonlinear. In this configuration, 
the TG Model has a smaller peak dynamic displacement and peak force transmissibility 
and a larger unity and -40dB isolation frequency bands. Note that this configuration can 
be realized using the BG Model with 11 K  and 02 K  (compare Eq. (23) with    
Eq. (A.11)). So with the selected structural parameter sets, it follows that the TG Model is 
not helpful - its best configuration is matched by the BG Model and the BG Model can 
have better isolation performance for the -40dB isolation frequency band. We therefore 
disregard this model. 
Finally the best structural parameter sets of the nonlinear 2DOF vibration isolators 
are summarised in Fig. 15, with the performance indexes given in Table 1. It can be seen 
that the -40dB isolation frequency band achieved by the BG Model with both 01 n  
and 02 n  (Curve 1) is very good. However, this comes as the cost of a significantly 
larger peak dynamic displacement and peak force transmissibility. These can be reduced 
by using the BG Model with 11 K  and 02 K  (Curve 2), however the -40dB isolation 
frequency band is much worse. For completeness we show the two best structural 
parameter sets for the GG model, namely 01 K  and 12 K  (Curve 3) which gives 
good -40dB isolation frequency band and 11 K  and 02 K  (Curve 4) which gives 
good isolation performance for the first three performance indexes - however they are 
outperformed by the BG model results. We therefore disregard the GG Model, along with 
the TG Model as discussed above. 
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Fig. 15 Comparison of (a) dynamic response and (b) force transmissibility of the nonlinear 2DOF 
vibration isolators with 2.0 , 2U , 2 , 05.021    and 005.0eF . 
Curve 1: BG Model, 11 K ,   8.0/ 12  KvK  , 9/4 QZSLL ; Curve 2: BG Model, 
11 K , 02 K , 9/4 QZSLL ; Curve 3: GG Model, 01 K , 12 K , 5.0 QZSLL ; 
Curve 4: GG Model, 11 K , 02 K , 6429.0 QZSLL . 
Table 1 The values of four performance indexes of the nonlinear 2DOF vibration isolators with 
2.0 , 2U , 2 , 05.021    and 005.0eF . 
Model Peak dynamic 
displacement 
Peak force 
Transmissibility 
/(dB)  
Unity isolation 
frequency band 
-40dB isolation 
frequency band 
(1) BG Model 
11 K , 8.02 K  
0.6135 21.2527 >0.2918 >0.8902 
(2) BG Model 
11 K , 02 K  
0.1977 9.4456 >0.2729 >5.336 
(3) GG Model 
01 K , 12 K  
0.557 31.2302 >0.5269 >4.4476 
(4) GG Model 
11 K , 02 K  
0.4889 24.7563 >0.3985 >11.5685 
5 Discussion 
A comparison of the dynamic response and force transmissibility for the four 
vibration isolators (the GG and TG models being disregarded) with best structural 
parameter sets according to the four performance indexes is shown in Fig. 16. The 
corresponding values for the four performance indexes are given in Table 2. Recall that 
we set the static displacement to be the same for each vibration isolator. We see that the 
linear 1DOF isolator (Curve 5) results in the minimum peak dynamic displacement. 
Adding lateral springs to give 1DOF QZS vibration isolator (Curve 6) allows the peak 
force transmissibility and the unity isolation frequency band to be improved significantly. 
In fact the 1DOF QZS vibration isolator has the smallest peak force transmissibility and 
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largest unity isolation frequency band across all the four vibration isolators. However this 
is at the cost of increasing the peak dynamic displacement compared with linear 1DOF 
vibration isolator. 
  
Fig. 16 Comparison of (a) dynamic response and (b) force transmissibility of four vibration 
isolators ( 2.0 , 2U , 2 , 005.0eF , 05.021   ).  
Curve 1: BG Model, 11 K ,   8.0/ 12  KvK  , 9/4 QZSLL ; Curve 2: BG Model, 
11 K , 02 K , 9/4 QZSLL ; Curve 5: linear 1DOF vibration isolator; Curve 6: 1DOF QZS 
vibration isolator 1K , 3/2 QZSLL ; Curve 7: linear 2DOF vibration isolator. 
Table 2 The values of four performance indexes of four vibration isolators with 2.0 , 2U , 
2 , 05.021    and 005.0eF . 
Model Peak dynamic 
displacement 
Peak force 
Transmissibility 
/(dB)  
Unity isolation 
frequency band 
-40dB isolation 
frequency band 
(1) BG Model 
11 K , 8.02 K  
0.6135 21.2527 >0.2918 >0.8902 
(2) BG Model 
11 K , 02 K  
0.1977 9.4456 >0.2729 >5.336 
(5) 1DOF linear 
vibration isolator 
0.05 20.0432 >1.4142 >12.7766 
(6) 1DOF QZS 
vibration isolator 
0.2507 6.9701 >0.1994 >9.9995 
(7) linear 2DOF 
vibration isolator 
0.2022 33.4678 >1.481 >8.0543 
 
For linear and QZS 1DOF vibration isolators, the -40dB isolation frequency band is 
quite similar. To increase this requires a second degree of freedom. The linear 2DOF 
vibration isolator (Curve 7) increases the -40dB isolation frequency band, however at the 
cost of increased peak dynamic displacement and peak force transmissibility. To further 
increase the -40dB isolation frequency band requires the use of the BG Model with both 
23 
01 n  and 02 n . Note however this configuration leads to a significantly larger peak 
dynamic displacement. We also observe that the BG Model with 11 K  and 02 K  
gives a good isolation performance across all the four performance indexes, and that this 
configuration is simple: the upper stage is nonlinear while the lower stage is linear. For 
BG Model chosen for the four performance indexes, when compared with linear and QZS 
1DOF vibration isolators, the -40dB isolation frequency band is larger; when compared 
with the linear 2DOF vibration isolator, the peak force transmissibility is smaller and the 
unity isolation frequency band is larger. Comparison of Table 2 reveal that the nonlinear 
2DOF vibration isolators can give improved isolation performance for the -40dB isolation 
frequency band, however for the other performance indexes, a 1DOF vibration isolator is 
better. 
6 Conclusions 
This paper presents three kinds of nonlinear 2DOF vibration isolators with QZS 
characteristic and compares the isolation performance with linear and QZS 1DOF 
vibration isolators and a linear 2DOF vibration isolator. To ensure a fair comparison, the 
static displacement of each vibration isolator is the same. The isolation performance of 
the vibration isolator is evaluated using four performance indexes: peak dynamic 
displacement, peak transmissibility, unity isolation frequency band and -40dB isolation 
frequency band. 
Firstly, the dynamic response and isolation performance of the 1DOF QZS vibration 
isolator is compared with the equivalent linear one. The results show that when the 
excitation force amplitude is small, the 1DOF QZS vibration isolator can have a smaller 
peak force transmissibility and a larger unity isolation frequency band, while the force 
transmissibility of both vibration isolators in the higher frequency band is almost the 
same, both reduce at a rate of 40dB/decade. 
Then, the dynamic response and isolation performance of linear 2DOF vibration 
isolator is compared with the linear 1DOF vibration isolator. It is shown that the linear 
2DOF vibration isolator can achieve a better isolation performance in the higher isolation 
frequency band, which the force transmissibility in the higher isolation frequency band 
reducing at a rate of 80dB/decade, and a larger -40dB isolation frequency band, with little 
change in the unity isolation frequency band. However the peak dynamic displacement 
and peak force transmissibility are larger. 
Lastly, the dynamic response and isolation performance of three configurations of 
nonlinear 2DOF vibration isolators are compared with the linear and QZS 1DOF 
vibration isolators and the linear 2DOF vibration isolator. The best structural parameter 
sets of the nonlinear 2DOF vibration isolators based on the four performance indexes are 
identified. It is shown that when the excitation force amplitude is small, the nonlinear 
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2DOF vibration isolators have both larger unity and -40dB isolation frequency bands and 
a smaller peak force transmissibility while the peak dynamic displacement is not very 
large. The BG Model has the best isolation performance over the three kinds of nonlinear 
2DOF vibration isolators. When considering to minimize peak force transmissibility and 
increase unity isolation frequency band, the 1DOF QZS vibration isolator should be 
chosen; when considering a good isolation performance across all the four performance 
indexes, arguably the BG Model based on the first three performance indexes should be 
chosen; if instead the maximization of the -40dB isolation frequency band is considered, 
the BG Model with 021  nn   should be chosen. Finally if the peak dynamic 
displacement is the only considered important criterion, a simple linear 1DOF vibration 
isolator is sufficient. 
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Appendix A 
A.1 The GG Model 
The dynamic equation of the GG Model under force excitation at the static 
equilibrium position is given by 
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Using a Taylor series expansion, Eq. (A.1) can be approximated as 
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Following the same non-dimensional procedure described in Section 4, Eq. (A.2) can be 
written as 
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The resulting amplitude-frequency relationships of the GG Model can be obtained 
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Eq. (A.4) are the same with the parameters shown in Section 4. 
The transmitted force of the GG Model is given as 
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where  220 tC ,  21  vt1K  and  21 t3K . 
Using Eq. (A.4) and Eq. (A.5), the amplitude of the force is written as 
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where  tt  sincostΦ . The force transmissibility of the GG Model can be obtained 
e
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Finally, using the backbone curve analysis and energy balancing method described in 
Section 4, the peak dynamic displacement of the GG Model can be determined from the 
following sets of equations 
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A.2 The TG Model 
The dynamic equation of the TG Model under force excitation at the static 
equilibrium position is given by 
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Using a Taylor series expansion, Eq. (A.9) can be approximated as 
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Following the same non-dimensional procedure described in Section 4, Eq. (A.10) can be 
written as 
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The resulting amplitude-frequency relationships of the TG Model can be obtained 
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are the same with the parameters defined in Section 4. 
The transmitted force of the TG Model is given as 
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where  220 tC ,   v 1t1K  and  01t3K . 
Using Eq. (A.12) and Eq. (A.13), the amplitude of the force is written as 
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The force transmissibility of the TG Model can be obtained 
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Finally, using the backbone curve analysis and energy balancing method described in 
Section 4, the peak dynamic displacement of the TG Model can be determined from the 
following sets of equations 
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